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Task 1 (25%): MPC

Given a process described by the linear discrete time state space model

Tyl = Aa:k+Buk+C’7"k, (1)

where x;, € R" is the state vector, u;, € R" is the control vector and y;, € R™
is the output vector. Here r,, is a reference vector.

Note: The model (1) and (2) may be the result of augmenting an integrator
into a state space model.

Consider also the control objective

L
Jp = Z((yk+l - 7“k+i)TQi(yk+z’ — Thpi) + (Upgio1 — Uz’)TPz'(UkJri—l —u;)) (3)

i=1

where @; € R™™ and P, € R™" are symmetric weighting matrices. The
vector u; represents desired values of the controls at time £ = 1.

a) Show that the control objective can be written as follows

Je = Wrrr — eryn) QWrariz — Trrnn) + (ugr — uo) " Plugr — uo). (4)

Specify the extended vectors ryy1r, Yr41 e and uyr, as well as the ex-
tended weighting matrices ) and P, and the vector wuy.

b) Show that the process model (1) and (2) can be written as a prediction
model of the form,

Yk = Frugr + pr. (5)

Specify expressions for F, and py.

e Find the MPC optimal unconstrained future controls of the form

ugyr = J1(). (6)

Specify the function fi(-)

e Which optimal MPC control, uj, is used to control the process at
the present time, k7



d) Assume that we have some output constraints
ylﬂ?w < Yrrr < y;TfﬁL (7)
Show that the constraints can be written as a linear inequality
Auk| L <b (8)
Specify the matrix A and the vector b.

e) The control objective, (4), with the prediction model (5) and the con-
straints (8) can be formulated as a Quadratic Programming (QP) prob-
lem,

Problem 0.1 (MPC QP problem)
Minimaze

Jr = uf Hugp + 2f T ugy, + Jo. (9)

with respect to ug, subject to constraints as in (8).

Specify matrix H and the vector f.

Task 2 (20%) (Computing present state, xy)
Given a discrete time state space model

Thy1 — Axk—i—Buk, (10)
Yye = Duxy. (11)

From the state space model (10) and (11) we can deduce the Prediction Model
(PM)

Ykr = OpAZp + Fruy, (12)

In order to use this PM in case when the state vector xj is not measured, we
have to obtain an estimate Zy.

a) Show that the present state can be expressed by
xp = A"+ 05_1uk_J+1|J_1 (13)

where J is a horizon into the past. Give an expression for the matrix
Cﬁ_l and the vector uy_jyi17-1. Tips: this equation may be deduced
from (10).



b) Consider the matrix equation
Yr1g = Ogay, + Hug s (14)
Define the matrices O; and HY.

c¢) Use equations (13) and (14) in order to find an expression
2 = fo(past inputs and outputs) (15)

Specify the function fo(-) !

Task 3 (25%)
(Discrete LQ optimal control with Integral Ac-
tion)

We are in this task to study an LQ optimal controller for a system described
by the state space model

Tpr1 = Axp+ Buy + v, (16)

where v and w are constant and unknown disturbances.
Subject to the above state space model we want to design MPC optimal con-
troller which minimizes the following criterion

L
USS 9 Z((yk-i-i — 7o) Qi(Ynri — Thri) + Dty Piduggioa). (18)

=1

where Auyp = up — up_q1 and 7y is a specified reference vector. @); and P; are
symmetric and positive semidefinite matrices.

a) Show that it is possible to write the model in (16) and (17) on deviation

form, i.e.,
Az, = AAz, + BAuy, (19)
Ayr = DAy, (20)
where
Azp =z — xp1, Aug = up — up—1, AYp = Yk — Yr-1- (21)

What can be gained by doing this?
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b) Show that the model in (19) and (20) can be written as follows

ik = Afy+ BAwy,

Z/k = Dj:k?
where
T = A:Uk
F Ye—1 |

Here you should define the matrices A, B and D.
¢) Find the optimal unconstrained control deviation
Auyyy, = f3(-)
in this case ! Specify the function f;3(-) in this case.
d) Assume that we have some control rate of change constraints

min max

Show that the constraints can be written as a linear inequality

Specify the matrix A and the vector b in this case.

(25)

(27)

e) Formulate the MPC problem as a QP problem for computing the optimal

future control deviations Auz‘ -



