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Task 1 (25%): MPC

Given a process described by the linear discrete time state space model

xk+1 = Axk + Buk, (1)

yk = Dxk, (2)

where xk ∈ Rn is the state vector, uk ∈ Rr is the control vector and yk ∈ Rm

is the output vector.
Consider also the control objective

Jk =
L∑

i=1

((yk+i − rk+i)
T Qi(yk+i − rk+i) + uT

k+i−1Piuk+i−1) (3)

a) Shortly answer the following:

1. What is the meaning of the parameter L ?

2. Can you give some guidelines for choosing Qi and Pi ?

b) Show that the control objective can be written as follows

Jk = (yk+1|L − rk+1|L)T Q(yk+1|L − rk+1|L) + uT
k|LPuk|L. (4)

Specify the extended vectors rk+1|L and yk+1|L, as well as the extended
weighting matrices Q and P .

c) Show that the process model (1) and (2) can be written as a prediction
model of the form,

yk+1|L = FLuk|L + pL. (5)

Specify expressions for FL and pL.

d)

• Find the MPC optimal unconstrained future controls of the form

u∗k|L = G(rk+1|L − pL). (6)

Specify the matrix G.

• Which optimal MPC control, u∗k, is used to control the process at
the present time, k?
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e) Assume that we have some input amplitude constraints

umin
k|L ≤ uk|L ≤ umax

k|L (7)

and

∆umin
k|L ≤ ∆uk|L ≤ ∆umax

k|L (8)

Show that the constraints can be written as a linear inequality

Auk|L ≤ b (9)

Specify the matrix A and the vector b.

f) Formulate the control objective, (4), with the prediction model (5) and
the constraints (9) as a Quadratic Programming (QP) problem, i.e.,

Problem 0.1 (MPC QP problem)
Minimize

Jk = uT
k|LHuk|L + 2fT uk|L + J0. (10)

with respect to uk|L subject to constraints (9).

Here You should specify the matrix H and the vector f .

Task 2 (5%): Optimization

a) Find the minimum variables, x∗1 and x∗2, of the quadratic function

J(x1, x2) = 2(x1 − 1)2 + x1 − 2 + (x2 − 2)2 + x2 (11)

b) Show that J(x∗1, x
∗
2) actually is the minimum of the function J(x1, x2)?
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