feedback to the system. This also turns a nonlinear optimal control problem into a nonlinear
MPC.

Step 4: Plot the results

After the loop has terminated, we can finally plot the variables that are of interests to us. The results
are plotted as MATLAB figures. Figure 8.10 shows the output variable, the reference and the
control input.

tspan = tspan./60; %to plot in minutes as time axis
$plot figures,

figure,

subplot (211)

plot (tspan,Ref (l:1o0plen,1l), 'b-',tspan,Pc, "k-")
legend('ref Pc','Pc','Orientation', 'horizontal')
ylabel ('Pc, Ref'); title('MPC for tank pressure');
subplot (212)

plot (tspan,u, 'r-")

xlabel ('time [sec]'); ylabel('u');

legend('Control input: valve opening');

As you may have observed, the major part of the code remains the same as for NLP optimal control
(Section 8.7). The only change (difference) is that a for loop has been utilized to implement the
sliding horizon strategy.

x10° MPC for tank pressure

1.6

1.4

1.2

Pc, Ref

= Control input: valve opening ‘

05 L L L L L L
0 2 4 6 8 10 12 14

time [sec]
Figure 8.10: Nonlinear Model Predictive control of pressure at bottom of a tank

The complete MATLAB source code for this example of NMPC is given below:
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<%the main file to be run> % main_file tankPressure MPC.m
$the main file to be run

clc
clear

$start time

tstart = 0;

tend = 14%60; %in sec

$sampling time

dt = 0.1%60; %$sampling time in seconds %dt = 6 seconds
%time span

tspan = tstart:dt:tend;

$length of the sliding loop: how many times to slide
looplen = length(tspan);

%choose prediction horizon
Np = 20; %Np time steps ahead in the future

%initial values of the states
state_ini_values = 10e5; %intial pressure at the bottom of the tank

%$initial guess for the optimizer
u_ini = ones(Np,1).*1; %full valve opening

$Reference

$make the reference vector offline (for the whole simulation time).
Ref = make reference (tspan);

%add the extra Np number of values for simulating it until tend
Ref = [Ref;ones (Np,1).*Ref (end)];

$make space for storing variables of interest
Pc = zeros(looplen,1l);
u = zeros(looplen,l1);

%make a loop for sliding each time step forward
for i = 1:1looplen
$store the output
$if output is not directly the states, make a separate .m file for calculating
sit.
Pc(i,1) = state ini values;

%step (b) and step (c) of the algorithmic steps in Section 8.8

%call the optimizer

%make the nonlinear optimization problem and solve it

u_k ast = optimization tank(u_ini,state ini values,dt,Ref (i:i+Np-1,1),Np);

$step (d) of the algorithmic steps in section 8.8
%use only the first control move
u first = u k ast(1);

%$store the optimal control input for plotting
u(i,1) = u first;

%step (e)of the algorithmic steps in section 8.8
$for warm start
u ini = u_k ast;

%step (f) of the algorithmic steps in section 8.8

%use the first control move to slide one time step forward
%with RK method

x next = my runge kutta(state ini values,dt,u first);

%step (g) of the algorithmic steps in section 8.8

state ini values = x next;
end
tspan = tspan./60; %to plot in minutes as time axis

%plot figures,
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figure,

subplot (211)

plot(tspan,Ref (l:1lo0plen,1l), 'b-',tspan,Pc, "k-")
legend('ref Pc','Pc','Orientation’', 'horizontal')
ylabel ('Pc, Ref'); title('MPC for tank pressure');
subplot (212)

plot (tspan,u, 'r-")

xlabel ('time [sec]'); ylabel('u');

legend('Control input: valve opening');

<function: main_file_tankPressure MPC.m: ends>%

X X

<function: make_reference.m: starts>%

function Ref = make_ reference (tspan)

Ref = zeros(length(tspan),1l);
for i = 1l:length(tspan)
if tspan(i) <=2*60
Ref(i,1) = 10e5;
elseif tspan(i) >2*60 && tspan(i) <=6*60

Ref (i,1) 13e5;

elseif tspan(i) >6*60 && tspan(i) <=10*60
Ref(i,1) = 1le5;

else
Ref (i,1) = 15e5;

end

end

<function: make reference.m: ends>%

X X

<function: optimization_tank.m: starts>%

function u = optimization tank(u ini,state ini values,dt,Ref,Np)
%In this function we:

$define functions for objective and constraints

%choose the slover types + other options to the solver

SHE##E#HHE Structure 2 ##F#HHHFHHHHHEHHEH A EEHHEHHERSSE Sefficient

$reduces computation time by half

%We can cut the computational time by NOT repeating the same calculations
%for objective function and the nonlinear constraints

$let us try by making use of nested function

%options for chosing the type of method for optimization and other options
ops = optimset ('Algorithm', 'sgp', 'Display','off', 'MaxIter',5000);

$ops =optimset ('Algorithm', 'interior-point', 'Display','off', 'MaxIter',5000);
$ops = optimset ('Algorithm', 'active-set', 'Display','off', 'MaxIter',20);

ulast = [];% Last place compute both was called
myd = [];% Use for objective at xLast

myG = [];% Use for nonlinear inequality constraint
myHeq = [];% Use for nonlinear equality constraint

%define the function where the objective function will be calculated

obj func = @(u)objfun tank(u,state ini values,dt,Ref,Np);

$define the function where the nonlinear constraints will be

%calculated (both equality and inequality constraints will be calculated in
%the same function
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cons_func = @(u)confun tank(u,state ini values,dt,Ref,Np);

%use the fmincon solver
[u, fval,exitflag,output,solutions] = fmincon (obj func,u ini, [1,[],[],[],[],[],cons_ func,ops);

function J = objfun tank(u,state ini values,dt,Ref,Np)
if ~isequal (u,ulast) %check if computation is necessary
disp ('button pressed: objective call');

o©

% pause;
[myJ myG myHeq] = compute both(u,state ini values,dt,Ref,Np);
ulast = u;
end
$now compute objective function
J = mydJd;
end
function [G Heq] = confun tank(u,state ini values,dt,Ref,Np)

if ~isequal (u,ulast) %check if computation is necessary
disp ('button pressed: constraint call');

o°

% pause;

[myJ myG myHeq] = compute both(u,state ini values,dt,Ref,Np);
ulLast = u;

end

%now compute constraints

G = myG;

Heq = myHeq;

end

end

S#E4444EEE Structure 2 ENDS R
<function: optimization_tank.m: ends>%

X X

<function: compute_both.m: starts>%

function [myJ myG myHeq] = compute both(u ini,state ini values,dt,Ref, Np)
%this is the function where we compute the objective function and the
$constraints.

%$weighting matrices for error and control inputs
Qe = eye(Np) .*1l; %weighting matrix for the error
Pu = eye(Np).*1l; %weighting matrix for the control inputs

%to store the output variable
Pc = zeros (Np,1);

for i = 1:Np

%find out which control input to use for each time step within the prediction horizon.
u k =u ini(i,:);

%use runge kutta to update the states

x next = my runge kutta(state ini values,dt,u k);

%use the states to calculate the output

%in this case, the output is simply the state.

%//Note: Sometimes outputs have to be calculated using algebriac
%equations and the states. In such a case, please make a separate
%$function for calculating the output variables.

Pc(i,1) = x_next;

%update the state
state ini values = x next;

end

%now make the objective function
J = (Ref-Pc) '*Qe* (Ref-Pc) + u ini'*Pu*u ini;

myd = J/2;
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%$1if there are equaltiy constraints, it should be listed as a column vector
%here we don't have equality constraints so we use empty matrix
myHeq = [];

$For this example, there is also constraint on the rate of change of control input variables (du)
%such that -0.1<=du<=0.1

%since in the objective function, we don't have 'du' but only 'u', we have to calculate 'du'
ourself.

$find du from the input signals

du = u ini(2:end)-u ini(l:end-1);

%//Important Note: If the objective function was formulated such that it

%$had " (du)'P du ",then we don't have to calculate 'du' here because 'du' is passed to this
$function by the optimizer and so we already would have it.

%list the inequality constraints as column vector
myG =[u_ini-1; % valve opening should be less than 1

-u_ini+0; %valve opening should be greater than 0

du - (0.1); % du should be less than 0.1 for each sample
-du-(0.1); % du should be greater than -0.1 for each sample
17
<function: compute_both.m: ends>%

X X

<function: my_runge_kutta.m: starts>%
function x next = my runge kutta(states ini values,dt,u k ast)

K1 = tankPressure equations([],states_ini values,u k_ast);

[]
K2 = tankPressure equations([],states ini values+Kl.*(dt/2),u k ast);
K3 = tankPressure equations([],states ini values+K2.*(dt/2),u k ast);
K4 = tankPressure_ equations([],states_ini values+K3.*dt,u k_ast);

X _next = states ini values + (dt/6).* (K1+2.*K2+2.*K3 + K4);

<function: my_runge_kutta.m: ends>%

X X

<function: tankPressure_equations.m: starts>%

function dP_dt = tankPressure equations(t,x0,u)
$this is the function where we write the differential equations of the
$given model.

%needed parameters
Cf = 2.04e-4;

Rf = leé6;
Qin = 1; %constant inflow
Kv = 1.5; %gain of the valve

dP_dt = Qin/Cf - (x0*u*Kv)/(Rf*Cf);

< tankPressure_equations.m: ends>%
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8.8.2 Grouping of control inputs for faster execution time

Perhaps the most efficient way of reducing the executing time for nonlinear MPC is by grouping
the control inputs into blocks. Let the number of control signals available for controlling a process
is denoted by n, and the prediction horizon is denoted by N,,. Then for each time step, the MPC
algorithm has to calculate n,, N, number of optimal control signals for the whole prediction horizon
length. The greater the number of variables to optimize, the greater is the computational time
needed by the optimization solver to solve the problem. However, it can be significantly reduced
by grouping of control inputs into blocks.

Let us consider a process with three inputs as shown in Figure 8.9. For n, = 3 & a prediction
horizon of N, = 20, the number of variables to optimize without grouping is 3 x 20 = 60
variables.

Control input 1

output
Control input 2 Process :
— .
Control input 3 | —>
—
States

Figure 8.9: A MIMO system

Now, just for comparison, let us group each control input into two blocks?’. For any time ¢, and
for the control input 1 as an example,

1 1 1 1 1 1 1 1 1 ]
Control input 1 = e e U A AR Ui+8 > Uk+9  Uk+10 » Wt 11r = ooe oo Up+18 » Uk+19
first 10 signals (group 1) remaining 10 signals (group 2)
Prediction horizon length Np=20

Now suppose that for the first 10 time steps of the prediction horizon (group 1), we will use the
same value for the control inputs. Denote it by u;rl. Also suppose that for the remaining 10 time
steps of the prediction horizon (group 2), let us use the same value for the control inputs. Denote
it by u;rz. Then in compact form we can write,

Control input 1 = [ug,q, Ugy]
Thus, 20 different values of control input 1 have been reduced to only 2 different values by
grouping them into two blocks.
With the same logic, for the remaining control input signals,

Control input 2 = [ug,q, Ug]

Control input 3 = [ug,1, Ug]

71t is possible to group control inputs into more than two blocks. In general, the length of the latter blocks are
shorter than the preceeding blocks.
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Now after grouping, the total number of variables to optimize at any time t;, is (2 values for control
input 1 + 2 values for control input 2+ 2 values for control input 3) i.e. 6 variables to
optimize. Without grouping, there were 60 variables to optimize. Thus the total number of
variables to be optimized by the solver has been reduced drastically. This results in quicker
execution time when solving the optimization problem.

However, a question remains to be answered: Does the grouping of control inputs affect the closed
loop response of the system? Well, the short answer is NO in general. Grouping of the control
inputs into blocks does not severely affect the closed loop response. However, it is suggested that
you test it for stability through simulations.

8.8.3 Example of Grouping of control inputs for faster execution time
To be consistent, let us once again look back into the previous example in section 8.8.2 for

controlling pressure at the bottom of the tank. Here, a nonlinear MPC will be used. But this time,
the control inputs will be grouped into 4 groups. If you recall from Section 8.8.2, without control
input grouping, the total number of variables to optimize were 20 (given that that prediction
horizon N, = 20 and the number of control inputs present in the system n,, = 1).

If we group the sequence of control inputs within the prediction horizon into 4 groups, then we
will have only 4 variables to optimize (instead of 20) at any given current time step. To implement
the control input grouping, most of the code will remain the same as in Section 8.8.2 for nonlinear
MPC without grouping. This section will only highlight those areas in the code implementation
which needs to be changed or modified.

Let us group the control inputs within the prediction horizon of 20 samples as,
Grpl: from sample no. 1 to sample no. 2 (first part of the prediction horizon)

Grp 2: from sample no. 3 to sample no. 5 (second part of the prediction horizon)
Grp 3: from sample no. 6 to sample no. 11 (third part of the prediction horizon)
Grp 4: from sample no. 12 to sample no. 20 (fourth part of the prediction horizon)

At first, since with control input grouping we now have only 4 variables to optimize, the initial
guess for the optimizer should be modified as,

$initial guess for the optimizer with control input grouping
Ngrp = 4;
u_ini = ones(Ngrp,1).*1; %full valve opening

The next change we have to make is during the use of process model for prediction i.e. when
calculating P; for the whole prediction horizon from i = k to i = k + N,, at any given time t;.

P, ; is obtained by solving the process model given by the following ODE.
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dP, 1
dt an( ) f

But when solving this model for the whole prediction horizon at any time, only 4 control inputs
are available for 20 time steps of the prediction horizon (instead of N,, = 20 number of them).
Thus we need to specify that:

with initial state P, known 8.67

For the first 2 samples (from sample no. 1 to sample no. 2 within the prediction horizon),
the control input corresponding to first group i.e. u ini(1,1)should be used to solve the
model (to excite the system). For the next 3 samples (from sample no. 3 to sample no. 5
within the prediction horizon), the control input corresponding to second group i.e.
u_ini (2,1)Should be used to solve the model (to excite the system). And similarly, for the
next 6 samples (from sample no. 6 to sample no. 11 within the prediction horizon), the
control input corresponding to third group i.e. u_ini (3,1)should be used to solve the model
(to excite the system). Finally, for the last remaining 9 samples (from sample no. 12 to
sample no. 20), the control input corresponding to the fourth group i.e. u_ini(3,1) should
be used.

We can make use of if-else statement in MATLAB to specify the control inputs. To make this
change, we can directly go to the compute notn function and specify the appropriate control inputs
when solving the process model inside the for loop. This can be performed as,

function [myJ myG myHeq] = compute both(u ini,state ini values,dt,Ref,Np)

%this is the function where we compute the objectlve function and the
$constraints.

$weighting matrices for error and control inputs
Qe = eye(Np) .*1l; %weighting matrix for the error
Pu eye(4).*1l; Sweighting matrix for the control inputs

%to store the output variable
Pc = zeros (Np,1);

for i = 1:Np

$find out which control input to use for each time step within the prediction horizon.
$with control input grouping

if i<=1 $for the first two samples within the prediction horizon
u k =u ini(1l,:);
elseif i>1 && i<=3 %for the next three samples within the prediction horizon
u k =u ini(2,:);
elseif i>3 && i<=6 %for the next 6 samples within the prediction horizon
u k =u ini(3,:);
else $for the remaining 9 samples witin the prediction horizon
u k = u ini(4,:);
end

%use runge kutta to update the states

x next = my runge kutta(state ini values,dt,u k);

%use the states to calculate the output

%in this case, the output is simply the state.

%//Note: Sometimes outputs have to be calculated using algebriac
$equations and the states. In such a case, please make a separate
$function for calculating the output variables.

Pc(i,1) = x next;

supdate the state
state_ini values = x next;
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end

%now make the objective function
J = (Ref-Pc) '*Qe* (Ref-Pc) + u ini'*Pu*u ini;

myd = J/2;

%$1if there are equaltiy constraints, it should be listed as a column vector
%here we don't have equality constraints so we use empty matrix
myHeq = [];

$For this example, there is also constraint on the rate of change of control input variables
%such that -0.1<=du<=0.1

%since in the objective function, we don't have 'du' but only
ourself.

$find du from the input signals

du = u ini(2:end)-u ini(l:end-1);

%//Important Note: If the objective function was formulated such that it

had " (du)'P du ",then we don't have to calculate 'du' here because 'du' is passed to this
$function by the optimizer and so we already would have it.

'u', we have to calculate 'du'

%list the inequality constraints as column vector

myG =[u_ini-1; % valve opening should be less than 1
-u_ini+0; %valve opening should be greater than 0
du - (0.1); du should be less than 0.1 for each sample
-du-(0.1); du should be greater than -0.1 for each sample
17

o
S
o
S

A small change also has to be made when defining the weighting matrices for the control inputs in
this function. Since after grouping, the number of control inputs (number of decision variables)

are reduced to 3, the weighting matrix Pu has to be defined for these 3 control inputs as,

Pu = eye(3).*1; %weighting matrix for the control inputs with control input grouping

The remaining part of the code is the same as explained in section 8.8.2.

Figure 8.10 shows the computation time needed to complete the simulation both with and without

grouping of the control inputs.

Execution time for nonlinear MPC

T

0.16 T

without grouping
0.14 + — — — - with grouping i

0.12 J

0.1 b

0.08 i

execution time [s]

PR

time[min]

Figure 8.10: Comparison of the execution time with nonlinear MPC with/without control input grouping
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Clearly, we can see that with grouping of control inputs, the nonlinear MPC can be executed
relatively faster in general. Note that since the solver fmincon in MATLAB is optimized for
performance, when the process reaches the steady state, the execution time for nonlinear MPC
without grouping of control inputs is relatively smaller. However, optimizing the performance of
solver may not be a service with other platforms. In general, grouping of control inputs usually
results in faster execution time.

But how about the performance of the nonlinear MPC with grouping of control inputs? Will the
performance be degraded with grouping of control inputs for this example? Figure 8.11 shows the
simulation results.

16 X 108 nonlinear MPC for tank pressure: Comparison
. T T T T T
14 |
g
o 121 ref Pc i
0‘5 Pc:without grouping
Pc: with grouping
1 |
0.8 ' . : . ! L
0 2 4 6 8 10 12 14
1 Control input: without grouping ——

Control input: with grouping

| | | | | |
2 4 6 8 10 12 14
time [min]

Figure 8.11: Comparison of nonlinear MPC with/without control input grouping

As can be seen from Figure 8.11, the performance of the controller are relatively similar. So we
can say that grouping of control inputs does not severely degrade the performance.
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Application: MPC, Olive oil extraction
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Application: MPC, Olive oil extraction
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Utopia Tracking MPC



Application: Utopia Tracking MPC . iopia point: The point where each

: .. objective function ¢;(x, 1) is minimum
Multi-Objective problem individually.

min  ¢(x,u) = [¢p,(x,u), p,(x,u), ..., ¢y (x,u)] « Utopia pointis an ideal point. It cannot be
X, U reached when you consider all the

S.t. xt = f(x, w) Dynamic process model obJectlyes of thg given problem aF the
(x,u) < 0 same time. This is because objectives
g\x, - functions are conflicting each other.
xEX,u€EU

Refs: Zavala and Tlacuahuac (2012), Tlacuahuacet al. (2011)

Utopia Point (steady state)

Find the minimum of each individual objective
separately using steady state optimization.

¢lL = min ¢i(x; u)

X, U

@
s.t. x = f(x,u) Steady state process model ' Compromise
glx,u) <0
xEX,uEU Pareto Front
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Application: Utopia Tracking MPC

MAIN IDEA:
If you cannot reach to utopia point, then try to be as close as possible.
Minimize directly the distance to the steady state utopia point from the pareto front.

N-1
Js(x,u) = z || Cere, ur) — ¢L'S||p N = prediction horizon
=0

Normally norm 2 is used .
MPC optimal control problem

1
min Jo(x,u)
X, U
S. L. +
x* = f(x,u)
glx,u) <0
&
' Compromise xEX,uel
Pareto Front
d,JL ﬁ Utopia

Refs: Zavala and Tlacuahuac (2012)
¢2 Tlacuahuac et al. (2011)
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Application: Utopia Tracking MPC

Advantage:

No need to generate pareto front
Trade off: handled dynamically

Some Comments:

For non steady operation (e.g. Cyclic, periodic)
Sub-optimal

Average cyclic (dynamic) performance is better
Steady state Utopia-point impose limitation

Refs: Maree and Imsland (2013)



Application: Dynamic Utopia Tracking MPC

Utopia Point (Dynamic)

Find the dynamic mean utopia point

N —_
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Application: Dynamic Utopia Tracking MPC

Minimize directly the distance to the dynamic utopia point

]d(xi u) =

N = prediction horizon

N
1
= B w) - o
k=0

p

Normally norm 2 is used

1 1
117
/

Dynamic

MPC optimal control problem

min [ ;(x,u)

X, U
56 x*t = fx,u)
Compromise glx,u) <0
x(0) = free,  x(0) = x(N)
xEX,uEU

L | 1! Utopia é

Refs: Maree and Imsland (2013, 2014)



Application: Utopia Tracking MPC

Thin oil-rim reservoir
GOC = Gas Oil Contact

Gas layer

Impermeable layer

Gas Coning after
prolonged period of
time

Gas breakthrough

Oil layer

Courtesy: |I0-Center (www.iocenter.no)

C Temporary shutdown
. Obijectives porary st
. . , Cyclic operation

Maximize oil production rate

Minimize Gas Oil Ratio (GOR)

Refs: Maree and Imsland (2014)



Application: Utopia Tracking MPC

Thin oil-rim reservoir

Exp 4 Exp.o
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